Let G be a Kr+1-free graph with n vertices and m edges, and let µn (G) be the smallest eigenvalue of its adjacency matrix. We show that
Theorem 1 Suppose r ≥ 2 and G is a K r+1 -free graph with n vertices and m edges. Then µ n (G) < − 2 r+1 m r rn 2r−1 .
To prove this theorem we need two preliminary results. Our main tool will be the following inequality proved in [2] : If V (G) = V 1 ∪ V 2 is a bipartition of the vertices of a graph G then
Write t (G) for the number of triangles of a graph G and t ′′ (G) for the number of its induced subgraphs of order 3 and size 1. For every vertex u, let t (u) = e (Γ (u)) and t ′′ (u) = e (V (G) \Γ (u)) . Observe the following simple equalities
Inequality (1) implies the following lemma.
Lemma 2 Let G be a graph with n vertices and m edges with no isolated vertices. Then
Proof We start by recalling the equality
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whose proof we shall outline for convenience. For every edge uv ∈ E (G) we have
Summing this equality over all uv ∈ E (G) we obtain
as claimed. For every u ∈ V (G) and bipartition
and therefore,
Summing this inequality for all u ∈ V (G), in view of (3), we obtain
completing the proof. 2
Proof of Theorem 1 Assume that G has no isolated vertices; the general case follows immediately. Our proof is by induction on r. If G is triangle-free, Lemma 2 implies
so the assertion holds for r = 2; assume it holds for r − 1 ≥ 2. Since, for every u ∈ V (G) , the graph induced by Γ (u) is K r -free, the induction hypothesis implies
.
Summing this inequality for all u ∈ V (G) , we obtain
By Hölder's inequality, we find that
Hence, from (4), we find that
a contradiction for r ≥ 3. Therefore, assumption (5) is false and the proof is completed. 2
We conclude with the following problem.
Problem 3 Find a simple lower bound on the second eigenvalue of graphs of order n, size m, and independence number r.
